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Local linearization is highlighted to explain the success of the orbital approximation in positive
response to Scerri’s comments on the electronic configuration model. The relevance of Rydberg
states is made clear.
I. INTRODUCTION
Eric Scerri previously highlighted the impor-
tance of understanding the mechanisms that enable
the electronic configuration model to approximate
atomic and molecular states, often with remarkable
success.1 Furthermore, Scerri explained that this
model cannot be explained by identifying regimes
in which the interelectronic repulsion vanishes, at
least not without detaching theory from empirical
results. This author agrees, and the following notes
will assist instructors to present orbitals in a manner
sensitive to both of these points.
II. TANGENT PLANE
A popular approach to orbitals in the mathemat-
ics community draws on the tangent plane approx-
imation. A guess-and-check approach illustrates.
One guesses that the solution to the N -electron
atomic Hamiltonian
 N∑
i=1
−1
2
∇2i +
N∑
i=1
−Z
ri
+
∑
i>j
1
rij

ψ = Eψ (1)
roughly separates into a Hartree product9
ψ ≈
N∏
i=1
φi(ri) (2)
with spherically symmetric orbitals, where each or-
bital φi possesses a characteristic radius.
10 This
means that each pair of electrons is expected to form
a right angle such that a set of Cartesian axes x and
y can intercept the electrons with the nucleus inter-
cepting the origin.11
Because the electrons reside near reference radii
r0i and r
0
j , the repulsive potential V
REP
i,j = 1/rij can
be approximated by a tangent plane2 (243)
V REPi,j ≈ V TANGENTi,j = Ai,jVi(ri) +Aj,iVj(rj) (3)
using coefficients denoted commonly3 as Ai,j and
Aj,i and a two-dimensional coordinate system
(Vi(ri), Vj(rj)) obtained from (ri, rj).
12 Mathemati-
cians refer to the tangent plane as a local lineariza-
tion to draw an analogy with the tangent line ap-
proximation in one-dimensional calculus.
The transformation and coefficients
Vi(ri) =
1
ri
, Vj(rj) =
1
rj
(4)
Ai,j = Aj,i =
1
2
√
2
(5)
for instance, approximate the repulsive potential
when electrons lie on Cartesian axes at similar radii,
as figure 1 shows.
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FIG. 1: The repulsive potential energy between two elec-
trons on Cartesian axes x and y at radii ri and rj is evalu-
ated exactly (solid lines) and by tangent plane (dash-dot
lines).
Local linearization is particularly appropriate for
Rydberg states, where one electron is far removed
from the core. Slater recognized that a function with
coefficients
Ai,j = 0 (6)
Aj,i = 1 (7)
2along with the transformation in equation 4, approx-
imates the exact potential, as illustrated in figure 2.4
The accuracy of this tangent function in Rydberg
systems has invited high-precision studies of QED
corrections to non-relativistic quantum mechanics.5
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FIG. 2: A tangent “plane” (dash-dot lines) success-
fully approximates the repulsive potential (solid lines)
between two electrons over a wide range of electronic
positions ri and rj relevant in Rydberg states. The elec-
tron at distance rj is the “outer” electron.
The tangent “plane” V TANGENTi,j is separable,
so eigenfunctions look locally like Hartree-products.
The guess-and-check demonstration is complete.
Local linearization utilizing the coordinate sys-
tem in equation 4 provides convenient model cal-
culations in atomic systems. Kregar and others
have calculated coefficients Ai,j and atomic en-
ergies with programs appropriate for undergradu-
ate coursework, especially in courses touching on
Slater’s rules.3,6 (See the references in Di Rocco’s pa-
per. ) Most production-quality wavefunction pack-
ages, however, use many-body perturbation theory,
coupled-cluster, or r12 techniques. The primary
utility of local linearization, then, is to provide intu-
ition for understanding the suitability and limits of
orbitals as a first step in high-level calculations.
III. CONCLUSION
This letter highlights the method of local lin-
earization, which communicates a reason for orbitals
to succeed while at the same time emphasizing their
approximate nature. The hydrogenic potentials in
equation 4 invite numerical work in introductory
courses. Of course, instructors have many options
for introducing students to orbitals. Derivations of
asymptotic error bounds of mean-field energies in
the large atom, Z → ∞, limit might interest stu-
dents with advanced mathematics backgrounds.7 All
concepts should be evaluated in terms of pedagogi-
cal benefits and costs, and instructors and students
working together will ultimately decide which con-
cepts are appropriate for specific lesson plans.
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1/rij =
(
r2i + r
2
j − 2rirj cos θij
)
−1/2
in variables 1/ri,
1/rj , and cos θij is
[(
r0i
r0
ij
)
3
(
1−
r0j
r0
i
cos θ0ij
)]
1
ri
+[(
r0j
r0
ij
)3 (
1−
r0i
r0
j
cos θ0ij
)]
1
rj
+
r0i r
0
j
(r0ij)
3
(
cos θij − cos θ
0
ij
)
+ O(ǫ2), hence equation
3 drops the first-order term in the cosine of the bi-
electronic angle.3 Diverse coordinate systems enable
Taylor expansions, but the transformation ri → 1/ri
is chosen since it can reproduce the exact repulsive
potential along any line with fixed bi-electronic angle
θij and proportionality ri = αrj between electronic
radii.
